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Hartree-Fock results from applying the variational 
principle to a Slater-determinant wavefunction
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• The unknowns are the atomic orbitals, ϕi,σ     

• Coupled set of integro-differential equations for each orbital
– self-consistent solution is needed
– explicit solution for ϕi,σ(r) is not possible

Spin-dependent Fock operator

Spin-dependent Hartree-Fock equation

1-electron contributions:
Kinetic energy ∇2

electron-nuclei 1/r

2-electron 
Coulomb

2-electron 
exchange



Representation of the orbitals using basis 
functions leads to a set of algebraic equations
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• Each orbital has its own representation

• The basis functions χμ are specified a priori
– Their design and selection is a bit of an art
– Choice affects ease of calculations and accuracy of result

• In this manner, rather than solve for the functions ϕi,σ , we 
instead solve for the set of variables Cμ,i,σ

Point about notation:
i, j, k, l à orbital function
μ,𝜈,κ,λ à basis function



Any complete basis set can be effective in 
describing a vector (or function)
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• Consider a vector in 2 dimensions
– Any 2 independent vectors form a 

complete set
target vector, 
r = (rx,ry)

orthogonal 
basis, ϕ1

ϕ2

x

y

a1

a2

orthonormal

apply ⟨ϕi| to both sides



When using an incomplete basis, the most 
effective sets are similar to the target

• Consider a vector in 2 dimensions
– A 1-vector basis is incomplete, and its choice matters

target vector, 
r = (rx,ry)

ϕ1

x

y

Approximation 
of target using 
1-vector basis

A good incomplete basis
target vector, 
r = (rx,ry)

ϕ1

x

y

Approximation 
of target using 
1-vector basis

A bad incomplete basis

A single basis vector 
that is orthogonal to 

the target would be the 
worst choice! In this 
example, the basis 

vector is nearly 
orthogonal.



An infinite set of functions is needed to form 
a basis set to represent another function
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• The Fourier transform is an example of an infinite set of 
functions providing a new representation of a function

• Electronic structure calculations use a different, finite set of 
basis functions
– Use of a finite set introduces another approximation 

Basis functions indexed 
by continuous variable k

ϕ(x)(k)



When treating functions, the adequacy of 
the basis set may not be obvious
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• Note that all of these basis functions are orthogonal to their 
target, and would present a bad incomplete set

Target
functions

Basis functions that 
are orthogonal to 
their target (shown 
in plot above each) 
and thus completely 
unable to represent 
it by themselves 



A natural choice for basis functions starts 
from the 1-electron atomic orbitals
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• Slater-type orbitals (STO)

• Radial component is nodeless
– Nodes complicate HF calculation
– STO orbitals are not orthogonal

• Combinations of STO orbitals
can mimic true atomic orbitals

polynomial of degree n-ℓ-1

atom center

Compare to H atomic orbital



Gaussian-type orbitals (GTO) have 
advantages and are most-often used now
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• Products of Gaussians with different 
centers are still Gaussians, at a new 
center
– 4- or 3-center integrals become 2-center 

integrals

• Almost always centered at nucleus, 
but sometimes put elsewhere 
– Center of a bond, or between nonbonded 

atoms to improve vdW interactions



Gaussians have the wrong shape at the origin. 
Contracted sets are used to mimic STO
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• They also decay too fast for r à ∞ 

• Several Gaussians added in a fixed way define a new basis 
function

• These are called 
contracted basis functions



Inserting basis-set expansion for orbitals in HF 
equation yields the Roothaan-Hall equation
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• This is a generalized eigenvalue equation
• F is the Fock matrix

• Pσ is the spin-σ density matrix

• S is the overlap matrix,

ERIs

Fock matrix depends on coefficients

Coefficient matrix, C 

ϕ1 ϕ2  …     ϕN 

𝝌1

 𝝌2  
…
 𝝌N 



The Roothaan-Hall equation FC=SCε  can be 
solved by finding the zeros of a determinant
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=
CF S C ε 

One column of C with one ε represents all

= εi 

= 0

Nontrivial solution requires determinant 
of this matrix is zero

Presents an Nth-order polynomial in ε, 
solution yields the N energies

For each εi, basis coefficients are found 
by setting CN,i = 1 and solving N-1 
equations, then normalizing 

N basis functions yields up to N orbitals 

Gather terms to left-hand side

“Secular equation”



Procedure to solve for the optimal orbitals in 
Hartree-Fock self-consistent field treatment
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• Specify molecule and basis:

• Calculate integrals:
• Guess coefficients, C, compute P and F

• Solve for C from HF matrix equation

• Compare to previous iteration, repeat to convergence

• Energy is given by



Suggested Reading/Viewing
• Autschbach Secs. 9.2, 9.3, 9.4, 9.5
• TMP Chem, Lectures 4.23, 4.24, 4.25, 4.26, 4.27
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https://www.youtube.com/playlist?list=PLm8ZSArAXicIijiVIx0yfk2ZOK-16ycji
https://www.youtube.com/playlist?list=PLm8ZSArAXicIijiVIx0yfk2ZOK-16ycji

