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Coulomb and exchange integrals
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We developed Hartree-Fock theory in terms 
of spin-orbitals
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Fock operator

Expectation energy

Coulomb operator

Exchange operator

Hartree-Fock equation



Hartree-Fock can instead be developed using 
spatial orbitals, with spin handled explicitly
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• The spatial orbitals may be different for spin states α and β

– Open-shell systems, different spatial orbitals à spin-unrestricted
– Closed-shell systems, same spatial orbitals à spin-restricted

• Spatial orbitals from different sets not necessarily orthogonal
– But spin-orbitals will be, because of different spins

α, β super/subscripts simply indicate 
which spatial-orbital set is used



We end up with coupled Hartree-Fock 
formulas for each spin state
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Spin-dependent Fock operator

Expectation energy

Coulomb 
operator

Exchange 
operator

Spin-dependent Hartree-Fock equation

Ji,i Ki,iElectron repulsion integrals
Results from spin-variable sum



The electron-repulsion integrals are defined 
in terms of the spatial orbitals
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• Compare to Mulliken notation for the spin-orbital ERIs



Let’s do a calculation of the electron-
repulsion integrals
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• Use the Slater-type orbitals (STO) as a basis

• Compute the integrals

• Use one center for both
orbitals

• Compare to literature
for some set of orbitals

1.Kumar, A. & 
Mishra, P. C. 
Evaluation of one-
centre electron 
interaction integrals 
over slater type 
atomic orbitals. 
Pramana 29, 385–
390 (1987). 

Ji,j,    Ki,j



Here are the formulas
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Here are some hints

• Use spherical coordinates

• Use NIntegrate, with Method -> "MonteCarlo"
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Suggested Reading/Viewing
• Autschbach Secs. 8.3., 8.4, 8.5
• TMP Chem, Lectures 4.22
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https://www.youtube.com/playlist?list=PLm8ZSArAXicIijiVIx0yfk2ZOK-16ycji
https://www.youtube.com/playlist?list=PLm8ZSArAXicIijiVIx0yfk2ZOK-16ycji

