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A mathematical aside



Orthogonal vectors are perpendicular. Their

dot product is zero

(x Three random vectors in a 3D space x)

(» Make them orthogonal )

ov = Orthogonalize[v]
Vv = (2 {Random[], Random[], Random[]} - 1) & /@ Range[3] Table[ov[i].ov[jl, {i, 3}, {j, 3}] // Chop // TableForm

{{0.802516, 0.371698, -0.466699},

{{0.961041, 0.445121, -0.558889},
(-0.596345, 0.523935, -0.608166}, {0.0184661, 0.766377, 0.642126}}

(0.306363, 0.775806, -0.934734}, {0.0609626, 0.128556, 0.00805399} }

TableForm=
1. 0 0
vI1i] e 1. o
(¢] 0 1.

{0.961041, 0.445121, -0.558889}
oarrows = Arrow[{{0, 0, 0}, 0.99#}] &/@ovV;

(+ Show that they aren't normalized or orthogonal e orthogonallmage = Graphics3D[{Red, oarrows}, PlotRange » {{-1, 1}, {-1, 1}, {-1, 1}}1;

Table[v[il.v[il, {i, 3}, {i, 3}] // TableForm

Show[originalImage, orthogonalImage]

ableForm=

1.43409 1.16217 0.111309 ViVl Vi:Va Vi-V3 ) 7
1.16217 1.56946 0.110883 Vo VI Va:Vy V2-V3 N T ) )
0.111309  ©.110883  0.0203079 V3 VI V3-Vy V3-V3 ; .l ‘{ \ Rotate view 1n

(» Normalize them =x)

\\ Mathematica

v = Normalize /@v

{{0.802516, 0.371698, -0.466699},
{0.244546, 0.619267, -0.746127}, {0.42779, 0.902109, 0.056517}}

(« Visualize them x)
arrows = Arrow[{{0, O, O}, #}] & /@ V;
originalImage = Graphics3D[arrows, PlotRange -» {{-1, 1}, {-1, 1}, {-1, 1}}]
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Functions are vectors in an *-dimensional

space. They also can be orthonormal

function

Vector v, 2 v(i) 2 V(A)/C)

— Continuous index (x) instead of integer index (i)

“Dot product” sums/integrates over index
vew=viw=) viw; — (flg) = /f*(w)g(w)dw

— Integral 1s over domain of x, which may be multivariate

Normalized function (f|f) =1

Orthogonal functions (f|g) =0



The Gram-Schmidt process can provide a set of

ortho

Gram-Schmidt process &

3990]:= (x Define inner product «)

Clear [BraKet]

BraKet[{f_ }, {g£_}] := Integrate[f[x]*
3971]:= (x» original functions «x)

nx = 3;

Clear[f]

fl11[x ] :=1
fl21[x_] :=x
fI31[x ] 1= x*

(« test for orthonormal x)

3932]:= TableForme@Table[BraKet[{f[i]}, {f[J1}], {1, 1, nx}, {j, 1, nx}]

1t[3932]//TableForm=
1

WIRN|-
Dl WIREN|[R
NN IR W~

onal functions from a non-ortho

glx], {x, 0, 1}]

<e

onal set

(» First function is same as original set, but normalized =)

Clear[g] g1 = fi/ (il )

fl1]10x] ]
SqrteBraKet[{f[1]}, {f[1]}]

(» Generate new, orthonormal set x)

gl1l][x_] := Release[
g2 = fo — (g1l fo)on
gr110x] ]

Normalize

(+ Subtract ofl component =
g[2]1[x_] := Release[f[2] [x] - BraKet[{g[1]1}, {f[2]}]
(+ Normalize =)
gl2][x] ]

(e121 |gr21)*?
sc>braket<esc>" 4 of2 components x)
g[31[x_] := Release[f[3]1[x] - (g[1] |f[31) g[1]1[x]

- (gl21 | f[31)

gl21[x ] := Release[

g3 = f3—(g1|f3) 91
_<92|f3>92

gl2][x] .
] Normalize

1]

(+ Normalize «)

3
gl31[x ] := Release[Simplify[%
g g

(+ Test for orthonormal «

TableForm@Table[BraKet[{g[i]}, {g[j1}1, {1, 1, nx}, {j, 1, nx}]

//TableForm=

1 0 [}
0 1 0
0 0 1

(» Look at the orthonormal set «)
g[#][x] & /@ Range[3] // TableForm

//TableForm=
1

2 5 [-4+x)

V5 (1-6x+6x?)



The orbitals for the hydrogen-like atom are

orthonormal

BraKet[{fI_}, {f2_}] := Integrate[fl[r, e, ¢1*~ f2[r, 6, ¢] Sin[e] r%, {¢, 0, 2Pi},

{6, 0, Pi}, {r, 0, Infinity}]

With[{statel = {1, 6, 0}, state2 = {1, 0, O}, Z1 =1, Z2 =1},
BraKet[\{W[statel, {#1, #2, #3}, Z1] ?}, {Y[state2, {#1, #2, #3}, Z2] &}1]

' |
1.00000000 This defines a 3-argument function,
which is what this BraKet needs

With[{statel = {2, 1, 0}, state2 = {2, 1, -1}, Z1 =1, Z2 =1},
BraKet[{y[statel, {#1, #2, #3}, Z1] &}, {y[state2, {#1, #2, #3}, 22] &}]]

(» With different Z, orbitals with unlike (nlm) are orthogonal

but same (nlm) don't +integrate to unity «)

With[{statel = {2, 1, 0}, state2 = {2, 1, -1}, Z1 =1, Z2 = 2},
BraKet[{y[statel, {#1, #2, #3}, Z1] &}, {¥[state2, {#1, #2, #3}, 22] &}]]
W'ith[(statel ={2,1, 0}, state2= (2, 1, 0}, 21 =1, Z2 = 2},
(wstatel, {#1, u2, #3}, Z1] & |¥[state2, {#1, #2, #3}, Z2] &)]

0.74493554
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table =
F'Latten[
Table[{n1, 11, m1, n2, 12, m2,
w-ith[{statel = {nl, 11, m1}, state2 = {n2, 12, m2}, Z1 =1, Z2 =1},
(vistatel, {(#1, #2, #3}, Z1] & |y[state2, {#1, #2, #3}, 22] &)]},
{ni, 1, 2}, {n2, 1, n1}, {l1, @, n1 -1}, {12, 0, n2 -1},
{mi, -11, 11}, {m2, -12, 12}], 5];

TableForm[table, TableHeadings » {None, {ni, 11, my, Ny, 1y, my, "<iy |U2>"}}]

/TableForm=

n; L my n; 1, my <Y1 |Y2>

1 (¢} (] 1 (] (0} 1.00000000
2 0 0 1 (¢} (] 0

2 1 -1 1 [¢] (] (0]

2 1 (¢} 1 (¢} (¢} (¢}

2 1 1 1 (¢} (0} (¢}

2 (¢} (¢} 2 (¢} (¢} 1.0000000
2 (¢} (¢} 2 1 -1 0

2 0 (¢} 2 1 (] (0}

2 0 (¢} 2 1 1 0

2 1 -1 2 (¢] (] (0]

2 1 (] 2 (0] (0] (¢}

2 1 1 2 (0] (¢} (¢}

2 1 -1 2 1 -1 1.00000000
2 1 -1 2 1 (0] (¢}

2 1 -1 2 1 1 0

2 1 0 2 1 -1 0

2 1 (] 2 1 (¢] 1.00000000
2 1 (] 2 1 1 (0]

2 1 1 2 1 -1 (¢}

2 1 1 2 1 (¢} (¢}

2 1 1 2 1 1 1.00000000




End of aside



We define an abstract BraKet notation that captures

its basic properties, including orbital orthonormalit

(» Linearity of <f|g> )
BraKet[{f_ +g }, {k_ }] :=BraKet[{f}, {k}] +BraKet[{g}, {K}] Transformation rules that can be applled when desired
BraKet[{f }, {7_+ k_}] :=BraKet[{f}, {7}] + BraKet[{f}, {k}]
BraKet[{c_?NumericQf }, {g }] := c BraKet[{f}, {g}]
BraKet[{f_ }, {c_?NumericQg }] := c BraKet[{f}, {g}]

(« Terms with different dummy indices are equivalent and can be summed =)

sumRules =
{(c_:1)BraCKet[{7 [x ] g [¥_1}, A [x , ¥ 1, {f[x1 & [y1}]+

BraKet[{7_ [x_]14q_}, {g [x_1r_}] :=BrakKet[{f[x]}, {g[x]1}] <BraKet[{q}, {r}] (d 1) BraCKet[{f [w ]xg [2.1}s A [Z, W 1, (F [N 1xg [z ]1}]
(c+d)BraCKet[{f[x] g[yl}, Alx, ¥1, {f[x] gly1}],
(« Linearity of <f|A|k> «) (c_:1)BraCKet[{f [x_]1 g [¥.1}, A [x_, ¥_1, {F_[¥_.1 g [x1}]1+
BraCKet[{f +g }, A , {k }] := (d_:1)BraCKet[{f [w. ] g [z 1}, Az ,w ], {f [z] g [w1}]>
BraCKet[{f}, A, {k}] +BraCKet[{g}, A, {k}] // Simplify (c+d)BraCKet[{f[x] g[y]}, Alx, ¥1, {fly] gl[x1}],
BraCKet[{f }, A , {i_+k_}] := (c_:1)BraCKet[{7_ [x_1 g [v_ 1}, A_[x_, v 1, {h_[x_1 7_[y_1}]+
BraCKet[{f}, A, {7}] + BraCKet[{f}, A, {k}] // Simplify (d_:1) BraCKet[{f_ [w ] g [2.1}, A_[w_, 2.1, {h_[w.] 7_[2_.1}]®
BraCKet[{c_?NumericQf }, A , {k_}] := c BraCKet[{f}, A, {k}] // Simplify (¢ + d) BraCKet [ {flx] xgL¥i}; A xRl thleis bl

(c_:1)BraCKet[{7_[x 1}, A [x_1, {£_[x_1}]+

(d_:1) BraCKet[{7_ [y 1}, A_[y_1, {g_[¥_1}]1 =
(¢ +d) BraCKet[{f[x]}, A[x], {g[x]}]

BraCKet[{f }, A , {c_?NumericQ kK }] := c BraCKet[{f}, A, {k}] // Simplify

(» Separation of products 1involving different variables x)
BraCKet[{f [x 1q }, A [x 1, {g [x 1r_}] :=
BraCKet[{7[x]}, A[x], {g[x]}] <BraKet[{qg}, {r}] (x Orthonomality condition x)

BraCKet [{f_[x_1-7_[y_1q_.}, A [x_, v.1, {g_[x1-h_ [y 1r_}]:= orthonormalRule = {BraKet[{f [x 1}, {g [x 1}] » If[f===g, 1, 0]};
BraCKet [{F[x] < 7[y1}, Alx, ¥1, {g[x]hlyl}] BraKet[{qg}, {r}]

}s

(+ Linearity with respect to operators =) These Commands arc prOVIded
BraCKet[{f }, A +B_, {g }] :=BraCKet[{f}, A, {g}] +BraCKet[{F}, B, {g}]

BéaCKet[{f_}, c_?NumericQA_, {g_}] := ¢ BraCKet[{f}, A, {g}] ln the MYBraKet.nb ﬁle




The energy expectation from a Slater determinant

can separate into 0-, 1- and 2-electron contributions

* Energy expectation (E) = <<I>\I§I \<I>>

V= Vl\%\?ul + V;goul + Végoul
2

« Remember the contributions to H = — - Vi +V(r)
e
7 g€* e? Z 17 ge?
VCoul VCoul _ VCoul
Z Z 47T€07°z',A o * ; 47T€()’I°Z'7j +§ 47T€0RA,B
A K2 \ Z €2 \ e2 \ZAZBe2
H = V-
; ( 2me ! EA: 47T€01°-A> v ; 47T601°i,j _|_A§<;3 47T€0RA,B

\ J l | \ )

1-electron term, h; 2-electron term, hi,j 0-electron term




The 1-electron contribution to expectation

with Slater determinant is unsurprising

?v%?iﬁiﬁé?mam <E> — (I)‘Zz i:l'z d )|+ (I)‘Zi<j i:'fi,j i) VCoul

S[tau_List] := w-ith[{n = Length[ tau]},

nM = 3;
tauList = Range[nM]
BraCKet[{&[taulList]}, Sum[h[i], {1, nM}], {&[tauList]}]

—————— Det[Table[¢; [tau[il]l, {i, n}, {7, n}] ]] % //. orthonormalRule // Simplify
Sqrt[n ! ] % // . noDummiesRule // Simplify 3 Orbltals
. {1, 2, 3}
nM =2; 2 orbitals 1
tauList = Range[nM] |D coordinate by number, dropping “1, e.g., 1 rather than 11 5 (Bracket(63(313, (31, {92(3131 (91(2] [#3(21) (6211 [61[1]) - BraCket ({93 (2]}, h(2], (6312131 {41031 [62131) (02 (11 [01(11)+

)
BraCKet[(¢3[2]}, h[2], {¢2[2]}] <a>1[3] [$3[31) (42[1] \ml] - BraCKet [{¢3[3]}, (3], {¢1[3]}] (¢202] |#3[2]) (#2[1] [¢2[1])
BraCKet[{&[tauList]}, Sum[h[i], {i, nM}], {&[tauList]}] BraCKet [(¢3 (2]}, h[2], {¢3[2]}] (61(3] |62(31) ( 11¢2[1]) - BraCKet[{¢s[2]}, h[2], {61[2]}] {@1(3] |¢5[3]) (¢2[1] [62(1 ),

% // . orthonormalRule // Simplify BraCKet [(¢3(31}, h[3], {¢3[3]}] (<m 2] [e2[:) \¢z[11 [#2011) - 61021 [¢2[2]) (@2(1] [¢2[11)) -

. A i BraCKet [ (¢3(3]}, h[3], {62[31}1 (1121 [61121) (ml] |#3[1]) +BraCKet[(¢3[31}, h[3], {$1[31)] {$112] [#212]) (#2[1] |65[1]) -
% //. noDummiesRule // Simplify BraCKet [(3 (2]}, h[2], {¢2[2]}] <a>1 1061031) (¢2[2] |#3[1]) +BraCKet[(#3[2]}, h[2], {6112]}] (@1[3] [62[31) (d2[1] [¢5[1])+
. . BraCKet [{¢3[3]}, h(3], {¢2(31}] (1[1] |¢3[1]) <®2 2] [¢2[2]) - BraCKet [ {¢3[1]}, h(1], {¢a[11}] (23] [$2[31) ($2(2] [¢2[2]) -
{1, 2} List of Coordlnates, T / Raw form of <¢|Zh|¢> BraCKet [(3 (3]}, h(3], {¢1[3]}] <a>1[11 \wa 11) (4202] \@2[2]>+BraCKet[(wz[1n, (1], (#3[11}] (#103] [6213]) (#212] [62(2]1) +
BraCKet[{¢3 (3]}, h(3], {$3[3]1}] (-{@1[1] [¢2[1]) (62(2] [$2[2]) + (@[] [$2[1]) ($2(2] [$202])) -
BraCKet [(¢5[31), h[3], {92[3]}] (o1 \ml]» (#212] |0a L ]>+BFECKet (63131}, h[31, (61[313] {61111 |9211]) (9212] [#3[2]1) +
5 (<¢’2[2] | hi2] | ¢2[2]) (‘pl[l] |¢1[1]>'<¢2[2] [ hi2] | ¢102]) <¢1[1] |¢2[1]) BraCKet[(¢3[1]);h[1];{@2[1])] (<m3 [#3131) (62121 |#2121) - (#1131 [$1131) (#2121 |¢3[21)) -
BraCKet [{¢s[1]}, h[1], {¢2[1]}] (< 3] [¢3[3]) <¢z 2] [¢202]) - (@1[3] |#2[3]) (92[2] |#3(2])) +
(2 [1] | h[1] | ¢2[1]) (dh 2] |d>1 2” -(¢2[1] | h[1] | ¢2[1]) <¢1 [2] |¢2 [2]> - BraCKet[(¢s(2]}), h[2], {¢2[2]3] ($1[1] |¢3[1]) (62(3] [62(3]) -
(¢1[2 \h 1| ¢2021) (2011 |62[11) + (41 |h 110215 (¢201] |¢2111) - .
(¢1[1] | h[1 \¢z[l]> (92021 |¢11 21)+<¢1[ ] 1| 61(1]) ($202] |#2(2])) .
BraCKet[{¢1[1]}, h[1], {$2[11}] ($2[2]|é1[2]) + BraCKet[{¢1[1]}, h[1], {#1[1]1}] (¢202] |$2121)) (#5[3]|03(31))
— ((#1[1] | h ¢ + (¢ h[(2] | ¢1[2]) + i
(62 [1] [ h{1] | #2[1]) + <2 [2] [ h[2] | ea(2]) Afterapplymg %(wl 1| hI1] | 6101]) +<61[2] | h[2] | $202]) + (61 [3] [ h[3] | 61[3]) + ($2[1] | h[1] | &2 [1]) +
(P2[1] | h[1] | ¢2[1]) +<(d2[2] | h[2] | #2[2])) orthonormal rule ($2(2] | h[2] | 62[2]) +(62[3] | h[3] | 62[3]) +(és[1] | h[1] | @é3[1])+<3[2] | h[2] | #3[2]) +<é3[3] | h[3] | ¢5(3]))

(61 | h | ¢1)+(d2 | h|d2)+ (s | h | ¢3)

(61 | h | 1)+ (62 | h | ¢2) Removed dummy integration variables

10



The 1-electron contribution to expectation

with Slater determinant is unsurprising

(E) = <¢|Zi h, <I>> + <<I>‘Zi<j hi

. R2 Z 4€?
= ———T = i
/ 2m, ; 41 "i,A

(332 1ufe) = 3= (oulhlon) = 3 b

* Value tends to be negative due to electron-nucleus Coulomb
contribution

« (Can be positive for wavefunctions with many nodes
— large KE



But the 2-electron contribution to expectation

with Slater determinant is surprising

il @)+ (@3, gl b e

nM=2; 2 orbitals
taulList = Range[nM]

BraCKet[(Q[tauL‘ist]), .

1 4 SV
Sum[:h’ i1, {J, 2, nM}, {1:3'1}])
(ﬁ[tauList]}];

% //.sumRules // Simplify
% //.orthonormalRule // Simplify
% //.mullikenFormRule

{1, 2} List of coordinates, T

¢1[2]¢2[l]>_ Raw form of
¢1[1]¢2[21> <®|>h|P>

1
<¢1[2] 62 1] ‘ -1, 2]

1
—[1, 2]

<¢1 [2] ¢2[1]
=

1
<¢1[2] 62 [1] ‘ -1, 2]

orthonormal rule

¢1[2] ¢2[1] > —] After applying
(no change)

1
<¢1[2] 62 1] ‘ ~ 11, 2] ¢1[1]¢2[21)

(11]22] - [12]21] Mulliken form
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But the 2-electron contribution to expectation

<I>> + Vol

with Slater determinant is surprising
nM=2; 2 orbitals

-<I>>—|—<<I>‘ E - h;
1<y
taulList = Range[nM]

BraCKet[{s[tauList]}, » Note the difference in these two terms
1. 4 by oo
Sum[:h’ 1, {1, 2, nM}, {i, ] '1}])
(ﬁ[tauList]}];
% //.sumRules // Simplify
% //. orthonormalRule // Simplify
% //.mullikenFormRule

{1, 2} List of coordinates, T

1
<¢1[2]¢2[11 ‘ -1, 2] ¢1[21¢2[11>1 Raw form of

1
<¢1[2]¢2[1] —[1,2]‘@[1]@[21) <®|>h|P>

r

orthonormal rule

(no change) 1 2] |2 1 ] Mulliken form

1
<¢1[2] 62 [1] ‘ -1, 2] ‘ ¢1[2] ¢2[1] > —:I After applying

1
<¢>1[2] 62 1] ‘ ~ 11, 2] ¢1[1]¢2[21)

(11]22] - [12]21] Mulliken form

13



But the 2-electron contribution to expectation

with Slater determinant is surprising
@) +( 8|7, hagl@) 1+ VG

nM = 3; 3 orbitals

tauList = Range[nM]

nM=2; 2 orbitals
taulList = Range[nM]

BraCKet[(Q[tauL‘ist]), .
1, 4 2V
Sum[—h’ jl, {J, 2, nM}, {1:3'1}]) 1
r BraCKet[(ﬁ[tauL'ist]), Sum[—[i, i1, {3, 2, NM}, (i, j-1)], (ﬁ[tauL'ist]]];
r

(2 [taulist] }]; .
% //.sumRules // Simplify;

% //.sumRules // Simplify % //.orthonormalRule // Simplify

% //.orthonormalRule // Simplify % //. mullikenFormRule

% //.mullikenFormRule (1, 2, 3}

{1, 2} List of coordinates, 1 (02031 212) ‘ %[1, 31 |0a(31 62111 ) - (42131 0212 ‘ %[1, 31 | ea11162131) + (02131 0ar1) ‘ %[1, 31 | ex(31 62111} -
1 1 1

<¢1[2] 62 1] ‘ -1, 2] 8111 02(31) + (62131 2 11] ‘ "1, 3] | @231 03111 - (€231 @3 (1] ‘ -1, 31 [ 62011 0231

1
—[1, 2]

<¢1 [2] ¢2[1]
=

1
6112] 6 [1]>— o131 a11) | 211, 3)
G Raw form of < E
¢1[1]¢2[2]> <®|Zh|P> [11]22] + [11]33] - [12]21] - [13]31] + [22]33] - [23]32]

1
<¢1[2] 62 [1] ‘ -1, 2]

orthonormal rule

¢1[2] ¢2[1] > —] After applying
(no change)

1
<¢1[2] 62 1] ‘ -1, 2]

6111 62 [21)

(11]22] - [12]21] Mulliken form
14



Electron Repulsion Integrals (ERI): one has a

simple physical interpretation, the other doesn’t

* Coulomb integral 1s average Coulomb repulsion

1

<¢1[2] $2 [1] ‘ %[1, 2] | $1(2] ¢2 [1]> [11|22] = /(p;(T1)<p1(7'1)|g0;(7'2)g02(7'2)llrl — r2| dridm
spin-orbitals (not just p (Tl) p (T2)
spatial), but Mma
doesn’ t typeset @
* There’s no similar interpretation for exchange
<¢1[21 ¢2[1] ’ %[1, 2] | ¢2[1] <z>z[2]> [12|21] = /go*l‘(n)g@(nl)fp;(n)gol(Tz)' Ir11r2\ dridmy

? ?

— Typically positive, and smaller in magnitude than Coulomb integral

— Cancels Coulomb integral when i =



Energy expectation is sum of 1-electron

contributions and Coulomb and exchange ERIs

* Putting 1t all together | | .
/ Sums are over orbital basis functions

th Z ([#3]) — [agl3e]) + Vame™

ij / \
1-electron mtegral 2-electron integral: 2-electron integral:
KE + electron-nuclear Coulomb repulsion Coulomb exchange
Coulomb attraction

 This 1s specifically for a wavefunction given as a Slater
determinant
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Suggested Reading/Viewing

« Autschbach Ch. 1, Secs. 7.7, 8.1
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