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A mathematical aside



Orthogonal vectors are perpendicular. Their 
dot product is zero
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Rotate view in 
Mathematica



Functions are vectors in an ∞-dimensional 
space.  They also can be orthonormal
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• Vector vi à v(i) à v(x) 
– Continuous index (x) instead of integer index (i)

• “Dot product” sums/integrates over index

– Integral is over domain of x, which may be multivariate

• Normalized function

• Orthogonal functions

function



The Gram-Schmidt process can provide a set of 
orthogonal functions from a non-orthogonal set
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Normalize

Normalize

<esc>braket<esc>



The orbitals for the hydrogen-like atom are 
orthonormal
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This defines a 3-argument function, 
which is what this BraKet needs
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End of aside



We define an abstract BraKet notation that captures 
its basic properties, including orbital orthonormality
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Transformation rules that can be applied when desired

These commands are provided 
in the MyBraKet.nb file



The energy expectation from a Slater determinant 
can separate into 0-, 1- and 2-electron contributions
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• Energy expectation

• Remember the contributions to 

1-electron term, 2-electron term, 0-electron term 



The 1-electron contribution to expectation 
energy with Slater determinant is unsurprising
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Slater-determinant 
wavefunction

2 orbitals

After applying 
orthonormal rule

Removed dummy integration variables

List of coordinates, τ  Raw form of <𝚽|Σh|𝚽>

3 orbitals

ID coordinate by number, dropping “τ”, e.g., 1 rather than τ1



The 1-electron contribution to expectation 
energy with Slater determinant is unsurprising

• Value tends to be negative due to electron-nucleus Coulomb 
contribution

• Can be positive for wavefunctions with many nodes 
– large KE



But the 2-electron contribution to expectation 
energy with Slater determinant is surprising
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2 orbitals

After applying 
orthonormal rule 
(no change)

Mulliken form

List of coordinates, τ  

Raw form of 
<𝚽|Σh|𝚽>



But the 2-electron contribution to expectation 
energy with Slater determinant is surprising
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Note the difference in these two terms

2 orbitals

After applying 
orthonormal rule 
(no change)

Mulliken form

List of coordinates, τ  

Raw form of 
<𝚽|Σh|𝚽>

[11|22]

[2] [2][1] [1]

[12]|21]

[2] [2][1] [1]

Mulliken form



But the 2-electron contribution to expectation 
energy with Slater determinant is surprising
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2 orbitals

After applying 
orthonormal rule 
(no change)

Mulliken form

List of coordinates, τ  

Raw form of 
<𝚽|Σh|𝚽>

3 orbitals



• Coulomb integral is average Coulomb repulsion

• There’s no similar interpretation for exchange

– Typically positive, and smaller in magnitude than Coulomb integral
– Cancels Coulomb integral when i = j

Electron Repulsion Integrals (ERI): one has a 
simple physical interpretation, the other doesn’t
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? ?

spin-orbitals (not just 
spatial), but Mma 
doesn’t typeset 𝜑 



Energy expectation is sum of 1-electron 
contributions and Coulomb and exchange ERIs
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• Putting it all together

• This is specifically for a wavefunction given as a Slater 
determinant

1-electron integral:
KE + electron-nuclear 
Coulomb attraction

2-electron integral:
Coulomb repulsion

2-electron integral: 
Coulomb exchange

Sums are over orbital basis functions



Suggested Reading/Viewing
• Autschbach Ch. 1, Secs. 7.7, 8.1
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