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The potential energy for a system of electrons 
and nuclei is a sum of Coulomb terms 
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• Electrons + nuclei = (atom, molecule, or molecules)

H2

+6

+1 +1

Not to scale! CH4
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Sum of Laplacians applied to each 
nuclear and electron coordinate 

Potential is pairwise sum of 
Coulomb interactions

In “atomic units”, ℏ, e, 4πε0, and me are each defined to be unity



A system of electrons and nuclei are described 
by a single multivariate wavefunction
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• Focus is on solution of Schrödinger equation for electrons in 
electrostatic potential of nuclei as fixed in space (“clamped”)

• Then total energy is sum of electronic and nuclear terms

N electrons M nuclei

Electronic energy, 
eigenvalue of SE

Energy of Coulomb 
interaction of nuclei with 
each other



The Born-Oppenheimer approximation separates 
electronic and nuclear degrees of freedom
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• Electronic energy solved for a fixed set of nuclear positions

• Electronic SE:

• The dependence of       on Q(M) has the effect of introducing  
forces on the nuclei, in addition to their mutual Coulomb forces

• Together these forces on the nuclei define the adiabatic 
potential-energy surface, which governs their motion
– Nuclear motion can be treated classically or quantum mechanically, as a 

separate issue 



The Hartree product estimates ψe via a product of 
1-electron orbitals.  It is incorrect, but instructive

5

– The φi may be H-atom orbitals, but need not be
– They can be selected to attempt to best approximate ψe 

• This model implies that the probability to find an electron at 
position ri is independent of the positions of the other 
electrons, even though they have repulsive interactions

– This is unrealistic, but there’s a bigger problem…

Probability of configuration Probability electron 
1 at τ1

Probability electron 
2 at τ2

Probability electron 
N at τN× × × 



The Pauli principle imposes a strict 
(anti-)symmetry on the wavefunction
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• First, swapping the identities of indistinguishable particles 
cannot change the probability of the configuration

• In particular, for electrons (and fermions in general) the 
wavefunction is antisymmetric (Pauli principle)

• If 1 and 2 are in the same state, ψ(1,2) = ψ(2,1). In such a case, 
both this and the Pauli principle can be true only if ψ(1,2) = 0. 
– Pauli exclusion principle: any 2 electrons must occupy different states

Note: ψ(1,2) ≡ ψ(τ1,τ2)  



The simple Hartree product does not satisfy the 
Pauli principle for indistinguishable particles
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• If

then, if              , ψe does not satisfy the requirement for 
indistinguishable particles:

Alternatively, if,             , ψe does not satisfy the Pauli 
principle  

Note: φ(1) ≡ φ(τ1)  



We can formally define an “antisymmetrizer” 
operator to make Hartree product satisfy Pauli
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– Likewise for exchange of any two labels in product
– Generates a sum of N! terms, so normalization requires a subsequent 

division by (N!)1/2 (included with definition of operator)

• How can this be implemented in practice?

antisymmetrizer operator



A Slater determinant forms an antisymmetric 
wavefunction from sums of Hartree products
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• Determinant of matrix of 1-electron orbitals

• Switching labels = switching rows
– A property of determinant is that this will switch sign

• N! terms à division by         means         will be normalized  



Mathematica can be used to demonstrate 
some simple properties of determinants
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swapping rows changes 
sign of determinant

swapping columns changes 
sign of determinant

adding a multiple of one 
row/column to another does 
not change determinant



Consider Slater determinant for 2-electron, 
2-orbital system
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• Switch electron labels

obeys Pauli principle!



Mathematica can be used to construct a 
Slater determinant of orbitals for arbitrary n
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M

tauList0

ψ 

Number of terms 
tauList1

Ψ(original)+ψ(permuted)

Each term in 
ψ has each τ 

and each φ 
exactly once

M



Suggested Reading/Viewing
• Autschbach Ch. 7
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