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PiaB wavefunctions are orthogonal and 
normalized (orthonormal)
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• Integral is analogous to dot 
product, in an infinite-
dimensional space

– Each τ value in integral is a 
different “index”

Kronecker 
delta function

Mathematica evaluation of integral



Two-dimensional PiaB is a simple extension 
of the 1D case
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• No coupling of x, y in Hamiltonian, so we can again apply 
separation of variables:

• Solution depends on two quantum numbers, nx, ny  

V(x,y) = 0

0                          x    lx                

ly                          

y

0



Symmetry in the system produces degeneracies in 
the energy levels (different states of same energy)
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Several ways to view 2D wavefunction
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3D PiaB wavefunction contours give an example 
of how electron orbitals will be presented
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Single 
contours
ψ = ±0.5



Study of PiaB teaches that confinement 
leads to energy-level quantization
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• In chemistry, electrons are effectively confined by their strong 
electrostatic attraction to the nucleus

• Uncertainty principle,                     , (not discussed here) says 
that kinetic energy must exceed some minimum value, in 
response to cap on position uncertainty accompanying 
confinement 
– Kinetic energy cannot be zero, instead there is a “zero-point” energy
– This prevents electron from collapsing into nucleus



A “hydrogen-like” atom is formed from one 
nucleus of charge +Ze, and one electron (-e)
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• Potential energy given as Coulomb’s law:
– Spherically symmetric, independent of direction

• Suggests use of spherical coordinates
– Hamiltonian

• Solution introduces 3 quantum numbers: n, ℓ , mℓ 

-e

+Ze nucleus

electron



Wavefunction of hydrogen-like atom describes 
electron’s radial and angular motion
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• Radial component

– n = 1,2,3,… (defined nr+ℓ)
• principal quantum number

– ℓ = 0,1,2,…,n-1
• orbital angular momentum 

quantum number
• ℓ = 0,1,2,3 à s,p,d,f

Associated Laguerre 
polynomial of degree n-ℓ-1

• Spherical harmonics

– mℓ = -ℓ, -ℓ+1,…,0,…,ℓ-1,ℓ 
• magnetic quantum number
• quantizes direction of angular 

motion
• degenerate states, 2ℓ+1
• combine to express complex 

part in terms of sin, cos

Associated Legendre polynomial

exponential decay

μ ≈ me



Wavefunction of hydrogen-like atom 
describes radial and angular motion
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• Radial component • Spherical harmonics

Credit: Levine, 7th ed.



Wavefunction of hydrogen-like atom 
describes radial and angular motion
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• Radial component (s orbitals) • Spherical harmonics

3

1

2

4
5

Larger n à more nodes



Here is an implementation of the hydrogen 
wavefunctions in Mathematica
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Orbitals are typically visualized via a 
contour plot

13 Note that scale changes with each increment of n



The periodic table can be understood in 
terms of highest occupied (valence) orbitals
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Energy levels depend only on principal 
quantum number

15

• n is defined to combine radial and angular motion

• Levels asymptote to E∞ = 0, the unbound electron
– Ground state (lowest energy) is n = 1
– Negative value indicates binding

• n > 1 energies are degenerate, 𝜈 = n2 (2n2 considering spin)
– n values for ℓ , and 2ℓ +1 values for mℓ 



Use Mathematica to demonstrate that 
wavefunction satisfies Schrödinger equation
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This should equal

-Em(4-724 = EYe
a- - 24-4

- [84-4 -m

T2



Hydrogen-like atomic wavefunctions are the 
foundation of computational quantum chemistry
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• ”Hydrogen-like” = One nucleus of charge +Z, one electron
– One-electron spatial wavefunction is an orbital
– When spin is added as a parameter, this is termed a spin-orbital

• Multi-electron atomic wavefunctions approximated by 
product of 1-electron wavefunctions

• Orbitals for multi-atomic systems (i.e., molecules) are also 
computed using atomic orbitals as a starting point



Suggested Reading/Viewing
• Autschbach Chs. 5,6
• Levine Ch. 6
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