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DFT is founded on the existence of a ground-

state enero

functional of the electron densit

First HK theorem: Any given p(r) corresponds to a unique
external field V,,(r). What does this mean?

V.(r) defines a Hamiltonian: H = —1V? + Vie + Ve

For us, “external
field” is that due
to the interaction
with atomic nuclei

This Hamiltonian specifies a ground-state wavefunction y: HY = EV
This vy yields an electron density: o(r) = > N° / o / ¥ ({r,s}, 72, ..., 7)) dry .. dy

No other V'

ext

(r) would yield this p(r) if put through this process

The ground-state energy E|, is specified uniquely as well: <‘I’!ﬁ |‘I’>

In sum, there exists a functional £, p]

Caveat: ground
state must be
nondegenerate




An exact variational principle guides the

identification of a p(r) for a
o V.. 1s input to the definition of the functional £,[p]

« Second HK theorem: Given Ey[p; V..], the electron density
that corresponds to the given V,; 1s the one that minimizes £,

e The difficulty 1n applying this frameworks 1s that we do not
know the functional Ey[p; V]

* As a start to addressing this problem, we separate it into
components: Eolp| = T'|p] + Eee[p] + Ene|p]

kinetic electron- electron-
energy electron nuclear



Kohn and Sham presented an approach to

treating the kinetic-enerqy functional

The QM kinetic energy has no clear connection to p(r)

— Contrast with connection to wavefunction: KE = T¥ = — 1 V2@

* Introduce a reference system of non-interacting electrons that
have the same electron density as the target p(r)

* The wavefunction for these noninteracting fermions can be
represented exactly as a Slater determinant of orbitals ¢;

» Kinetic energy and electron densities are given in terms of ¢,

T = __Z<‘Pz|vz|‘/’z — ZZ|(‘OZ 1S How do we



Minimization of E,[p(r)] turns to minimization

with respect to the orbitals

* Energy functional 1s expressed in terms of the orbitals

e Ty,
Blp(e)] = 3 3 (0 Vles) - Z<m 2} |soi>
i i,A Ti,4

. i<"”"‘ / f(_r )rq dr’l%> + Bxe p(r)]

“‘exchange-correlation functional”
encapsulates everything that’s
wrong with the other terms

classical electron-electron, [ii | j j]

p(r) = 3D lpitr, s))°



Minimization of Ey[p(r)] yields a 1-electron KS

igenvalue equation very similar to the HF formula

Fxsps = pie; F=h+C-X
* Kohn-Sham operator <
X
A 1 Z 4 p(r)
Fxs = —=V?* + —I—/ dr' + Vxc(r
S zA: v —r4 r —r xo(r)
\ J | J \ )
I | I
h similar to C I X
Same as replaces 5EXC

Vxc 1s the functional derivative of the XC energy: Vxc(r) =

dp(r)

Like HF, a self-consistent iterative solution 1s required



Aside: Intuition for the functional derivative gained

by considering a multivariate partial derivative

Strictly speaking, this

For example s for 0= x< T equa
]—'[f]—/ 2da:—>2f2 F ot T of)
: afz TIONE
depends oni function of x



Aside: Intuition for the functional derivative gained

by considering a multivariate partial derivative

For example

Fifl = [ (f@)fde» 3052 = 55 = 26— 575 = 2(@)

Try these:
Flf] /O f(z)dz /_OO endlde f2) /_1 /_1(1 + f(z,y) + f(z,y)*)dady

5
6f(€;) £ ) 5f (@,9) ED+2/(@v)

Q




While superficially very similar to HF treatment,

DFT offers some advantages

 4-center integrals can be avoided, N° scaling instead of N*
%Z([iﬂjj] — [ijl7i]) == %;<(Pi|/ 2 d'r/|90i>+Exc[p(r)]

i — 7|

« HF is inherently incorrect, as it has no accommodation for
electron correlation (apart from effects of Pauli exclusion)

* DFT 1s exact in principle
— Although this 1s accomplished by lumping all the inaccuracies into a
term (Exc[p], Vxc(r)) that 1s not specified in detail

* Machinery developed for HF is readily adapted to DFT
calculations



The exchange-correlation functional collects

a variety of inaccuracies from the other terms

« Difference in kinetic energy between true system and
reference system of non-interacting electrons

* (Correction of classical e-e electrostatic interaction to include
correlation, and to remove the self interaction

« Exchange contribution to the energy

* Development of DFT methods 1s focused on this term
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A Local Density Approximation (LDA) estimates

E,c[p] by its value in a uniform electron gas

A

* Electron gas
— N electrons in a volume V, both = oo, defining uniform singlet
density: p(r,) = p = N/V = constant
— Electrons may or may not interact with each other

— A uniform background field of positive charge maintains
electroneutrality

— Not a bad model for some metals, but very different from electronic
structure of a molecule

 LDA methods define E£[p] in terms ¢f a function of the
density evaluated at r: EXp*[p] = f p(Dexc(p(1))dl
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A simple toy LDA example

5

* Functional Flp| = / p(z)e(p, x)dz
-5
1

with e(p,w):/ p(x +t)dt

—1

* Local density approximation? uniform density reference
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A simple toy LDA example

5

* Functional .7-'[,0]:/ p(x)e(p, x)dx
5

1
with e(p,w):/ p(z + t)dt
—1

* Local density approximation, uniform density reference

1 7 (SISl Example applications
P (p,0) = [ pla)dt = 2p/a)
_— 5 : 2 2555 2500
F==2p] = /_ 5 2p(z) X 166.67  166.67

. exp(-x) 25,885 22,026



The exchange contribution to Ey. can be
approached via the exchange hole concept

// hX L2) d1d2 hxc(1,2) = p21,2) — p(2)
p(1)

* An early approach to the exchange hole viewed it as an zero-
density region around an electron in a uniform electron gas

— p(1) =p(2) = p = constant (uniform electron gas)

— p(1,2) =0 in hole = Ay = -P in hole

— Given that / hxc(1,2)d2 = —
p2(1,2)=0

(_p) 47-(-7a3 _ _ ( 3 )% (rl)—y3 inside hole

emplrlcal constant

Ex|p] = ( )1/3 // 1)43d1 Vx(r1)?%x p(ry)'/3



A treatment for the correlation contribution

to Ey. was developed from simulations

A

* No explicit form for E-[p] can be developed in a similar way

e Ceperly & Alder (1980) performed accurate quantum Monte
Carlo simulation of the homogeneous interacting-electron gas
at different densities

interpolation schemes, for use in Ec|p] = [ p(1)ec(1)dl

* Most widely used variants were developed by Vosco, Wilk, &
Nusair (1980) (VWNn)

. * More accurate now 1s due to Perdew & Wang (1992) (PW)

* Various authors presented analytical exprejsions for e- via



Nomenclature for DFT methods usually

references the choice of the XC functionals

No strict rule, but a convention exists

General form ‘XC’

— X 1s the exchange part, C 1s the correlation part

Initial letters of authors are the indicators (C: VWN, PW)
— E.g., Becke + Lee-Yang-Parr (BLYP)
— Supplemented by year if they provided more than one

If same authors do both X and C, letters used only once
— E.g., Perdew-Burke-Ernzerhof (PBE)
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Sometimes DFT is used in unrestricted form,

with separate densities for each spin

 In principle, this 1s completely unnecessary

— If working with the exact XC functional

 In practice, sometimes this approach provides advantages

— Open-shell systems in particular P

3 = o pﬂ spin polarization
a 113 . : 29

— p“# pP, “spin-polarized” case ~,

 We won’t consider this detail any further
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Suggested Reading/Viewing

 Wolfram Koch and Max C. Holthausen, A Chemist’s Guide to
Density Functional Theory, 2" ed., Wiley (2001)
— Chapter 5, Secs. 6.1-6.4

— On digital reserve at the UB library
https://search.lib.buffalo.edu/permalink/01SUNY_BUF/9ghgtp/alma9
90021458730204803

e Cramer

— Video 5.04: https:// www.youtube.com/watch?v=vvRS8SHjAFw
— Video 5.05: https://www.youtube.com/watch?v=gk6 HA1-70mU
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https://search.lib.buffalo.edu/permalink/01SUNY_BUF/9qhqtp/alma990021458730204803
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https://www.youtube.com/watch?v=vvRS8SHjAFw
https://www.youtube.com/watch?v=gk6HAl-7OmU

